Abstract. For a proper smooth variety of even dimension over a field of characteristic different from 2 or ℓ, the second Stiefel-Whitney class of the ℓ-adic cohomology and the second Hasse-Witt class of the de Rham cohomology are both defined in the second Galois cohomology. We state a conjecture on their relation and give several evidences.
The cohomology of middle degree of a proper smooth variety of even dimension carries a non-degenerate symmetric bilinear form. This defines various StiefelWhitney classes depending on the cohomology theory we consider. The second Stiefel-Whitney class of ℓ-adic cohomology allows us to deduce that the L-function has the positive sign in the functional equation, from a reasonable hypothesis [16] . For the de Rham cohomology, we also call the Stiefel-Whitney class the Hasse-Witt class since it is defined by a quadratic form.
In this paper, we propose a conjecture Conjecture 2.3 comparing the StiefelWhitney classes of ℓ-adic cohomology and of de Rham cohomology and prove several evidences. In the case where the variety is of dimension 0, it amounts to a formula of Serre on the Hasse-Witt invariant of the trace form for a finite separable extension [19] . Conjecture 2.3 may also be regarded as a version in degree 2 of the formula for the determinant of cohomology proved in [15] .
We state the main Conjecture 2.3 in Section 2 after some preliminaries on the Stiefel-Whitney classes of orthogonal Galois representations and of quadratic vector spaces in Section 1. We give an apparently simpler reformulation in Corollary 2.11 by using a graded variant.
As evidences for Conjecture 2.3, we prove the following cases in Theorem 2.5 under some additional conditions: 1. The base field is a finite extension of Q p for p = ℓ and the variety has a certain mild degeneration. 2. The base field is a finite unramified extension of Q ℓ and the variety has a good reduction. 3. The base field is R. 4. The base field is an extension ofQ. 5. The base field is arbitrary and the variety is a smooth hypersurface in a projective space.
Curiously, Theorem 2.5 implies that the second Stiefel-Whitney class of ℓ-adic cohomology in fact may depend on ℓ, as in Example 2.6, contrary to the first StiefelWhitney class which is independent of ℓ as a consequence of the Weil conjecture (see Lemma 2.1).
We formulate a generalization Conjecture 7.2 of Conjecture 2.3 for families in Section 7 after introducing the Stiefel-Whitney classes for symmetric complexes in Section 6. A similar construction is studied by Balmer in [2] . Contrary to there, we are more interested in the invariants of individual complexes rather than the 1 invariants of the categories. The author learned from [5] that a similar construction is also studied in [22] . The rest of the article is devoted to the proof of Theorem 2.5.
In Section 3, we prove the assertion 1 of Theorem 2.5 using nearby cycles and the sheaves of differential forms with logarithmic poles. We observe in Lemma 3.7 that the mysterious appearance of the term involving 2 in Serre's formula arises from the multiplicity of the exceptional divisor of the blow-up at an ordinary double point. We verify that the assertion 2 is essentially proved in [16] in Section 4. In Section 5, we prove the assertion 3 using Hodge structures. We prove the assertion 4 by partly proving the generalization Conjecture 7.2 for families by a transcendental argument in Section 8. In Section 9, using the universal family of hypersurfaces, we prove the assertion 5 by a global arithmetic argument. In the proof of 5., we combine all the results obtained in the other parts of the article.
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Stiefel-Whitney classes and Hasse-Witt classes
We recall some basic definitions to formulate a conjecture. In order to distinguish the Stiefel-Whitney classes of orthogonal representations from those of quadratic forms, we will write sw for the former and hw for the latter. We call the latter the Hasse-Witt class.
Let π be a group and L be a field of characteristic 0. An orthogonal L-representation of π is a triple (V, b, ρ) consisting of an L-vector space V of finite dimension, a non-degenerate symmetric bilinear form b : V ⊗ V → L and a representation ρ : π → O(V, b) to the orthogonal group O(V, b). If π is a profinite group, we assume that L is a finite extension of the ℓ-adic field Q ℓ and that ρ is continuous.
Let V be an orthogonal representation of π. The first Stiefel-Whitney class sw 1 (V ) ∈ H 1 (π, Z/2Z) is the determinant det ρ : π → {±1} ⊂ L × regarded as an element of H 1 (π, Z/2Z) = Hom(π, {±1}). The second Stiefel-Whitney class sw 2 (V ) ∈ H 2 (π, Z/2Z) is defined as follows. Let For the orthogonal sum of orthogonal representations, we have sw 1 (V ⊕ V ′ ) = sw 1 (V ) + sw 1 (V ′ ) and sw 2 (V ⊕ V ′ ) = sw 2 (V ) + sw 1 (V )sw 1 (V ′ ) + sw 2 (V ′ ). If we introduce the notation sw(V ) = 1 + sw 1 (V ) + sw 2 (V ), the equalities are rewritten as sw(V ⊕ V ′ ) = sw(V ) · sw(V ′ ) [16, Lemma 2.1] . If an orthogonal representation V of π admits a direct sum decomposition V = W ⊕ W ′ by π-stable and isotropic subspaces, the Stiefel-Whitney classes are computed as follows. For a character χ : π → L × , we definec 1 (χ) ∈ H 2 (π, Z/2Z) to be the class of the pull-back by χ of the central extension For a finite dimensional L-representation V of π, we putc 1 (V ) =c 1 (det V ).
Lemma 1.1. Let W be an L-vector space of finite dimension and we define a symmetric non-degenerate bilinear form on the direct sum V = W ⊕ W ∨ with the dual by the canonical pairing. We regard GL(W ) as a subgroup of O(V ) by g → g ⊕g ∨−1 . Then, the pull-back of (1.0.1) by the inclusion GL(W ) → O(V ) is isomorphic to the pull-back of (1.0.2) by det : GL(W ) → G m .
Proof. Since the algebraic group SL(W ) is connected and simply connected, the pull-back of (1.0.1) by the inclusion GL(W ) → O(V ) is isomorphic to the pullback of a central extension of G m by det : GL(W ) → G m . We define a section G m → GL(W ) by taking a line in W . Then, it is reduced to the case where W is a line.
We assume dim W = 1 and identify GL(W ) = G m . Let e ∈ W be a basis and f ∈ W ∨ be the linear form defined by f (e) = 1/2. Then, the map G m → O(V ) defined by a → a+(1/a−a)f ·e is a group homomorphism since f ·e is an idempotent. Further, it makes the diagram
commutative since e · e = 0 and f · e · f = f . Hence the assertion follows.
Corollary 1.2. Let V be an orthogonal L-representation of π and V = W ⊕ W ′ be a decomposition by π-stable isotropic subspaces. Then, we have sw 2 (V ) =c 1 (W ) in H 2 (π, Z/2Z).
Proof. By the assumption, we may identify W ′ with the dual space of W . Then, it follows from Lemma 1.1.
We compute the Stiefel-Whitney class of the twist by a character of order 2. We prepare lemmas on central extensions. Lemma 1.3. Let n > 1 be an integer. Let 1 → Z/nZ → G → G → 1 and 1 → Z/nZ → G ′ → G ′ → 1 be central extensions and χ : G → Z/nZ and χ ′ : G ′ → Z/nZ be characters. We define a new group structure on the quotient
where · in the right hand side denotes the multiplication of the ring Z/nZ.
2. We apply the construction (1.3.1) to the central extensions
Proof. After extending L if necessary, we take an orthonormal basis x 1 , . . . , x n of V .
1. Since the subgroup A is generated by x 1 · · · x n and −1, the assertion follows from (
, the assertion follows. Corollary 1.5. Let ρ : π → O(V ) be an orthogonal representation of degree n and χ : π → µ 2 be a character of order 2. We regard det ρ and χ as elements in H 1 (π, Z/2Z). Then, we have
Proof. By Lemma 1.4.2, the Stiefel-Whitney class sw 2 (ρ⊗χ) is the class of the central extension defined as the pull-back of E in Lemma 1.
Hence the equation (1.5.1) follows from Lemmas 1.3 and 1.4.1. The assertion for det is clear.
We generalize the definitions to graded case. Let V • = q∈Z V q be a graded Lrepresentation. For each integer q ∈ Z, we assume V q is a finite dimensional L-vector space equipped with a continuous representation of π and V q = 0 except for finitely many q. We assume that V 0 is an orthogonal representation and that, for each q > 0, V q ⊕ V −q is equipped with a π-invariant (−1) q -symmetric non-degenerate form such that V q and V −q are totally isotropic. Then, we define sw
The definition is equivalent to the equality
If K is a field and π is the absolute Galois group G K = Gal(K/K), the StiefelWhitney classes sw i (V ) are defined in the Galois cohomology
Lemma 1.6. 1. Let ℓ be a prime number and χ ℓ :
ℓ be the ℓ-adic cyclotomic character of the abelianized algebraic fundamental group. Then, c ℓ =c 1 (χ ℓ ) is the generator of the cyclic group
2. Let K be a field of characteristic = 2 and χ : G K → {±1} ⊂ L × be a character. Then, we havec 1 (χ) = χ ∪ {−1}.
ab is isomorphic to the product of Z ℓ with a cyclic group C of even order. Hence,
) is of order 2 and is generated by the pull-back of the class of the unique central extension of C by Z/2Z.
2. Sincec 1 (id), id ∪ id ∈ H 2 (Z/2Z, Z/2Z) are the unique non-trivial element, we havec 1 (id) = id ∪ id. Hence, we obtainc 1 (χ) = χ ∪ χ. Since {a, a} = {a, −1} for a ∈ K × corresponding to χ ∈ H 1 (K, , Z/2Z), the assertion follows.
For a field K of characteristic different from ℓ, let
also denote the pull-back by the canonical map
) is the unique element ramifying exactly at ℓ and ∞. We have c 2 = {−1, −1} for example. If K is of positive characteristic, we have c ℓ = 0.
Let K be a field of characteristic different from 2. We call a pair (D, b) of a K-vector space D of finite dimension and a non-degenerate symmetric bilinear form b : D ⊗ K D → K a quadratic K-vector space. The first and the second Hasse-
) are defined as follows [13] . Let x 1 , . . . , x r be an orthogonal basis of D and put
We define the classes by
They are independent of the choice of an orthogonal basis.
For the orthogonal sum of quadratic vector spaces, we have
Proof. 
Conjecture
To formulate the conjecture, we prove a preliminary result on the determinant of ℓ-adic cohomology.
Lemma 2.1. Let S be a connected normal scheme, f : X → S be a proper smooth morphism and q ≥ 0 be an integer. For a prime number ℓ invertible on S, let
The rank bé t,q of the smooth Q ℓ -sheaf R q f * Q ℓ is independent of ℓ invertible on S. If q is odd, then the Betti number bé t,q is even.
([21, Corollary 3.3.5])
The character e q :
is independent of ℓ invertible on S and takes values in {±1}. Further if q is odd, the character e q is trivial.
Proof. 1. By a standard limit argument, we may assume S is of finite type over Z. We prove the general case. By replacing S by a dense open, we may assume S is affine. By a standard limit argument, we may assume S is of finite type over Z. By the Chebotarev density theorem [18, Theorem 7] , [20, Theorem 9.11] , the reciprocity map s∈S 0 Z → π 1 (S) ab has dense image, where S 0 denotes the set of closed points in S. Since it is proved for the spectrum of a finite field, it follows that the character det R q f * Q ℓ is independent of ℓ and its square is equal to χ −q·bé t,q ℓ . Further if q is odd, the character det R q f * Q ℓ itself is equal to χ
Let X be a proper smooth scheme of even dimension n over a field K. Let ℓ be a prime number different from the characteristic of K. The cup-product defines a non-degenerate symmetric bilinear form on
). We consider V as an orthogonal representation of the absolute Galois group G K = Gal(K/K) and define
to be its second Stiefel-Whitney class. Assume the characteristic of K is not 2. The cup-product defines a non-degenerate symmetric bilinear form also on D = H n dR (X/K). We consider D as a quadratic K-vector space and define
to be its second Hasse-Witt class. We also put
To state a conjecture on the relation between sw 2 (H n ℓ (X)) and hw 2 (H n dR (X)), we introduce auxiliary invariants. For an integer q, we put
If K is of characteristic 0, we have bé t,q = b dR,q and we simply write them b q . Conjecture 2.3. Let X be a proper and smooth scheme of even dimension n over a field K of characteristic = 2, ℓ. For an integer q ≥ 0, we regard the character e q : G K → {±1} (2.1.1) as an element of Hom(G K , {±1}) = H 1 (K, Z/2Z) and put e = q<n e q ,
If the characteristic of K is 0, we further define
Then we have an equality
An apparently simpler reformulation of the conjecture will be given at Corollary 2.11. A generalization for a family is stated in Conjecture 7.2 after defining the Stiefel-Whitney class for a symmetric perfect complex in Section 6. Remark 2.4. Let X be a projective smooth scheme of even dimension n over a field K of characteristic = 2, ℓ. We regard the character e n : G K → {±1} defined by e n (σ) = det(σ :
3 is a degree 2 version of the equality (2.4.1).
In this paper, we prove the following evidence for Conjecture 2.3. Theorem 2.5. Let X be a proper and smooth scheme of even dimension n over a field K of characteristic = 2, ℓ. Conjecture 2.3 is true in the following cases.
1. K is a finite extension of Q p , p = 2, ℓ and there exists a projective regular flat model X O K over the integer ring O K such that the closed fiber has at most ordinary double points as singularities.
2. K is a finite extension of Q p , p = ℓ > n + 1 and there exists a proper smooth model X O K over the integer ring O K .
3. K = R and X is projective. 4. K ⊃Q. 5. X is a smooth hypersurface in P n+1 K and l > n + 1.
Theorem 2.5 implies that the Stiefel-Whitney class sw 2 (H n ℓ (X)) may depend on ℓ.
Example 2.6. Let p be a prime and X be a proper smooth variety of even dimension n over K = Q p with good reduction. Then for any prime ℓ = p, we have
(2 − 4) ≡ 1 mod 2 and η = 0. Similarly, for an abelian surface A over R, we have
If n = 0, the assertion 5 in Theorem 2.5 is nothing but the following theorem of Serre since e = 1 and r, β, η = 0 in this case. The proof of the assertion 5 gives a new proof of the formula of Serre. n/2 and d 
) and
Similarly, following (1.7.2), we put
where r = q<n (−1) q b dR,q (2.3.1).
Lemma 2.10. We have the following equality:
Proof. By the definition of e q , we have det
. Hence, we obtain 0≤q<nc 1 (H q ℓ (X)) =c 1 (e) + βc 1 (χ ℓ ) by the definitions e = q<n e q and β = 1 2 q<n (−1) q (n − q)bé t,q . Thus, the equality (2.10.1) follows from Lemma 1.6.
Corollary 2.11. The equality (2.3.3) is equivalent to the following:
. We compare the de Rham cohomology with the Hodge cohomology. We put n = 2m and we regard H m (X, Ω m X/K ) as a quadratic vector space by symmetric bilinear form defined by the composition
We choose numbering of the filtration so that we have
Then, since the spectral sequence is compatible with the Serre duality, we have
s 2 by Lemma 1.7.1. Thus, the assertion follows.
If the characteristic is 0, Conjecture 2.3 may be restated as follows.
Lemma 2.13. Let X be a proper and smooth scheme of even dimension n over a field K of characteristic 0. 1. We put
Then in this case, the equality (2.3.3) in Conjecture 2.3 is equivalent to
) = q≤n,even P q be the Lefschetz decomposition into primitive parts by an ample invertible sheaf L and put P + = q<n,q≡0 mod 4 P q and P − = q<n,q≡2 mod 4 P q . Then, we have a congruence
modulo 4 and an equality (2.13.5)
Proof. 1. Since c 2 = {−1, −1}, it is sufficient to show the congruences
if n ≡ 2 mod 4 (2.13.8) modulo 2. By the Lefschetz principle, we may assume K = C.
We prove (2.13.6). We put
. By the Hodge symmetry and the Serre duality, we have h q,p = h p,q and h q,p = h n−q,n−p respectively. Since the Hodge to de Rham spectral sequence degenerates, we have
Hence by the Hodge symmetry and the Serre duality, we obtain
Thus, we obtain β + h ≡ q<
p+q n 2 − q h p,q = η mod 2. We prove (2.13.7) and (2.13.8). By Hodge symmetry, it follows that the Betti number b q is even for odd q. Hence by the definition r = q<n (−1)
q b q and the definition of β recalled above, we have
modulo 4. Hence the congruence (2.13.7) follows. Since
+ b mod 2, the congruence (2.13.8) also follows.
2. By (2.13.9), we have
For odd q, H q (XK, Q ℓ ) carries a non-degenerate alternating form by hard Lefschetz and hence we have e q = 1. For even 2 ≤ q ≤ n − 2, we have e q − e q−2 = det P q and e 0 = det P 0 . Since e = (e 0 − e 2 ) + · · · + (e n−4 − e n−2 ) if n ≡ 0 mod 4, −e 0 + (e 2 − e 4 ) + · · · + (e n−4 − e n−2 ) if n ≡ 2 mod 4, the equality (2.13.5) is also proved.
Degenerations
In this section, we assume that K is a complete discrete valuation field with residue field F of characteristic p = 2. Let I = Gal(K/K ur ) ⊂ G K = Gal(K/K) denote the inertia subgroup and let P denote the kernel of the canonical surjection
is an isomorphism and they are isomorphic to Z/2Z for q = 0, 1 and is 0 for q > 1. Since the extension 1 → I/P → G K /P → G F → 1 splits, we have an exact sequence
In this section, we prove that the both sides of (2.3.3) in Conjecture 2.3 have the same images by the map ∂ in some cases. In particular, if H 2 (F, Z/2Z) = 0 for example if the residue field F is finite, this will imply Conjecture 2.3 in these cases.
First, we consider a consequence of the following elementary lemma.
Lemma 3.1. Let K be a complete discrete valuation field and assume that the characteristic p of the residue field F is not 2. 1. Let L be a finite extension of Q ℓ and V be an orthogonal L-representation
) is an isomorphism. Hence the assertion follows from the exact sequence (3.0.1).
The class hw 2 (D) lies in the image
We say a scheme X over S = Spec O K is generalized semi-stable ifétale locally on
for some integer 0 ≤ r ≤ n, a prime element π of K and integers m 0 , . . . , m r ≥ 1 invertible in O K . A scheme X is semi-stable if and only if it is generalized semi-stable and if the closed fiber X s is reduced.
Let X be a generalized semi-stable scheme over S. Let ℓ be a prime number invertible on S and R q ψZ ℓ be the sheaf of nearby cycles. Then, for each geometric pointx of the geometric closed fiber Xs, the action of I on the stalk R q ψZ ℓ,x is tamely ramified for every q ≥ 0. More precisely, if m 1 , . . . , m r are the multiplicities of irreducible components of the closed fiber Xx × S Spec F = i m i D i of the strict henselization and if d x denotes the greatest common divisor, the inertia I acts on R q ψZ ℓ,x through the quotient µ dx [14, Proposition 6] . The sheaf Ω 1 X/S (log / log) of logarithmic differential 1-forms isétale locally defined by patching (
Lemma 3.2. Let X be a proper generalized semi-stable scheme over S = Spec O K . Assume that every irreducible component of the closed fiber X s = X × S Spec F has odd multiplicity in X s .
1. The inverse image
By the assumption, the inverse image I ′ ⊂ I of the pro-2 part acts trivially on R q ψQ ℓ for every q. Hence, it follows from the spectral sequence E p,q
Hence the assertion follows. Corollary 3.3. Let X be a proper generalized semi-stable scheme over S = Spec O K satisfying the condition in Lemma 3.2. Then, for a prime number ℓ invertible in O K , we have In the rest of this section, we prove the assertion 1 in Theorem 2.5.
Lemma 3.4. Let K be a complete discrete valuation field with residue field F of characteristic different from 2. Let K ′ be a totally ramified extension of K of degree 2 and
Then we have
We have
′ is the orthogonal direct sumL 0 ⊕L 1 , the bilinear form b induces non-degenerate forms onL 0 andL 1 .
We put D 0 = KL 0 and 
Thus the assertion follows
The following Lemma is inspired by [11] .
Lemma 3.5. Let X be a proper generalized semi-stable scheme over S = Spec O K . Assume that the divisor D = X s − X s,red is smooth over F and that the complement X \ D is smooth over S. Let K ′ be a totally ramified extension of degree 2 and put
and is totally ramified along C.
2. Let ℓ be a prime number invertible in O K and
be the minusparts with respect to the actions of I/I ′ . Then, the cospecialization map
) is injective and the image is the orthogonal of the image of the torsion part
− be the decomposition in to the plus part and the minus part with respect to the action of
Proof. 1. Since the assertion isétale local on X, we may assume X is smooth over
and the assertion follows.
2. We consider the spectral sequence E
. We recall computation of R q ψQ ℓ from [14, Proposition 6] . We have R q ψZ ℓ = 0 for q > 1. Further, the restriction R 0 ψZ ℓ | D is canonically isomorphic to ϕ * Z ℓ,D ′ and the restriction R 0 ψZ ℓ | Xs−2D is canonically isomorphic to Z ℓ | Xs−2D . The isomorphism is compatible with the actions of I. The sheaf R 1 ψZ ℓ is the direct image of a locally constant sheaf of rank 1 on the intersection C = D ∩ (X s − 2D) with the trivial action of I.
Hence, the inertia action on H p (XF , R q ψQ ℓ ) is trivial for q = 0. For q = 0, the action of
3. We consider the commutative diagram
The upper line is exact and ∨ denote the F -linear dual. By Grothendieck duality, the vertical arrows are isomorphisms. Thus, the first paragraph is proved.
We consider the decomposition
The computation in the proof of 1. shows that we also have a decomposition
Further the computation in the proof of 1. shows that the canonical map Coker(
Thus, we obtain an exact sequence
and the assertion in the second paragraph follows.
Proposition 3.6. Let the notation be as in Lemma 3.5. 1. The following conditions are equivalent:
) denote the character of order 2 corresponding to the quadratic extension K ′ over K. Then, the image of the left hand side 3.1) . Then, the image of the right hand side of (2.3.3) by ∂ is equal to
Proof. 1. By Lemma 3.5.2, the condition (1) is equivalent to that dim
and since the Euler number χ(CF , Q ℓ ) is even for proper smooth scheme CF of odd dimension, it is equivalent to the condition (3).
By Lemma 3.5.3, the condition (2) is equivalent to that dim
− is even. By Serre duality and the Hodge to de Rham spectral sequence, it is equivalent to that the Euler number
and since the Euler number χ dR (C/F ) is even for proper smooth scheme C of odd dimension, it is also equivalent to the condition (3).
2. We put b
By Lemmas 3.4.1 and 3.5.2, we have
Further by Lemma 3.5.2, the character det
Then, further by Lemma 3.5.2, the character e = q<n (det H q (XK, Q ℓ )) (−1) q is unramified if and only if r − is even. Hence, we have ∂{e,
Since ∂(c ℓ ) = 0, the assertion follows.
3. By (2.9.3), the right hand side of (2.3.3) is equal to hw 2 (H
Then, by Lemma 2.12, we have 
by Lemma 3.5.3. Hence, for the right hand side, we have
It is further equal to
Further, as in the end of the proof of 1., we have χ
, the assertion follows. 
Proof. We put r D = q<n (−1) 
On the left hand sides, we have
Further since the restriction of the symmetric bilinear form of
Hence the assertion follows.
Corollary 3.8. Let the notation be as in Lemma 3.5. Assume D and X K are projective. Then, the both sides of (2.3.3) have the same images by ∂. In particular, further if the residue field F is finite, Conjecture 2.3 is true in this case.
Proof. We compare the sums of the terms in the first lines in (3.6.1) and (3.6.2).
Since
− D ′ , they are equal to each other by Lemma 3.7. In the case where the equivalent conditions in Proposition 3.6.1 do not hold, the remaining terms are also equal to each other by [15, Theorem 2] .
Corollary 3.9. Let K be a complete discrete valuation field with residue field F of characteristic = 2, ℓ. Let X O K be a proper regular flat scheme over a discrete valuation ring O K . Assume that the generic fiber X K is projective and smooth of even dimension and that the closed fiber X s has at most ordinary double points as singularities.
Then, the both sides of (2.3.3) have the same images by ∂. In particular, further if the residue field F is finite, Conjecture 2.3 is true in this case.
Proof. The blow-up of X O K at the singular points of the closed fibers satisfies the assumption of Corollary 3.8.
Cristalline representations
In this short section, we derive the assertion 2 in Theorem 2.5 from the following computation of the second Stiefel-Whitney class of an orthogonal cristalline representation.
Lemma 4.1 ([16, Theorem 2.3])
. Let K be a complete discrete valuation field of characteristic 0 with perfect residue field F of characteristic p > 2. We assume that p is a prime element of K. Let V be an orthogonal cristalline Q p -representation of the absolute Galois group G K = Gal(K/K) and D = D cris (V ) be the associated quadratic K-vector space. Assume that the Hodge filtration
In particular, further if the residue field F is finite, we have sw
Applying Lemma 4.1, we compute the second Stiefel-Whitney class in a good reduction case. Proposition 4.2. Let K be a complete discrete valuation field of characteristic 0 with perfect residue field F of characteristic p = 0. We assume that p is a prime element of K. Let X be a proper smooth scheme of even dimension n over K and assume that X has a proper smooth model X O K over the integer ring O K . We further assume that H q (X, Ω n−q 
Proof. Since H n (XK, Q p ) is a cristalline representation by [8] , it is enough to apply Lemma 4.1 if p > 2. If p = 2, the assumption implies that
) is unramified and h = 0. Hence the assertion follows. Proof. By Corollary 3.3, we have ∂hw 2 (H n dR (X/K)) = 0. By Lemma 3.2, we also have ∂d X = 0 and ∂e = 0. Thus, the image by ∂ of the left hand side of (2.13.3) is ∂sw 2 (H n ℓ (X)) and that of the right hand side is h · ∂c ℓ . Hence, it follows from Proposition 4.2.
Hodge structures
In this section, we prove the assertion 3 of Theorem 2.5 for a projective smooth variety over R, using polarizations of Hodge structures.
Before starting proof, we recall some terminology on Hodge structures. An RHodge structure of weight 0 over R is an R-vector space V of finite dimension endowed with the following structures: A representation Gal(C/R) → GL R (V ) and a decreasing filtration
Here σ ∈ Gal(C/R) acts on V C as σ ⊗ σ and − denotes σ ⊗ 1. We say an R-Hodge structure of weight 0 over R is polarized if it is equipped with a non-degenerate symmetric bilinear form b V : V × V → R satisfying the following condition. Let C be an automorphism of V C which is defined to be the multiplication by i −pī−q = (−1) p on V p,q = V p,−p . Then the condition is that the bilinear form (x, y) → b V (x, Cy) on V is symmetric and positive definite. Let b D denote the symmetric bilinear form on D defined as the restriction of the symmetric bilinear form on V C induced by b V . We put h p,q = dim C V p,q and let h 0,0,± be the multiplicity of eigenvalue ±1 of the complex conjugation on V 0,0 Lemma 5.1. Let V be a polarized R-Hodge structure of weight 0 over R. Then we have By the comparison theorem of singular cohomology andétale cohomology, we have sw i (H n ℓ (X/R)) = sw i (H n (X(C), Q)). Now we are ready to prove the following main result of this section.
Proposition 5.2. Let X be a projective smooth scheme over R of even dimension n. Let β (2.3.2), r (2.3.1) and e = q<n e q ∈ H 1 (R, Z/2Z) be as in Conjecture 2.3 and let hw 2 
Since {2, d}, c ℓ − c 2 ∈ H 2 (R, Z/2Z) in the formula (2.9.1) are 0, Proposition 5.2 implies the assertion 3 in Theorem 2.5.
Proof. We take an ample invertible sheaf and consider the associated Lefschetz decomposition H n (X(C), R)( For an even integer 0 ≤ q ≤ n, let e − q be the multiplicity of the eigenvalue −1 of the action of the complex conjugate on H q (X C , Q)(
) and we put e − = q<n,even e n/2 . We put P + = q<n,q≡0 mod 4 P q and P − = q<n,q≡2 mod 4 P q as in Lemma 2.13.2 and prove the congruence
Let v q− be the multiplicity of the eigenvalue −1 of the action of the complex conjugate on P q and let (d q+ , d q− ) be the signature of the quadratic vector space D q . Then, we have e q − e q−2 = v − q for 2 ≤ q ≤ n even and e 0 = v
q/2 -definite, we have
If n ≡ 0 mod 4, we have
If n ≡ 2 mod 4, we have
Thus (5.2.2) is proved.
We have sw(H n (X)) = (1 + {−1})
Further, by (2.13.4), we have
Since e = e − {−1}, the assertion is proved.
Stiefel-Whitney classes of symmetric complexes
In this section, we define and study the Stiefel-Whitney classes of symmetric complexes. A similar framework is studied in [2] . After recalling some elementary constructions on complexes, we prepare basic properties on symmetric strict perfect complexes in (6.2)-(6.8) and we recall fundamental properties of the Stiefel-Whitney classes of symmetric bundles in (6.9)-(6.10). We define the class for symmetric strict perfect complexes in Definition 6.11 and establish fundamental properties in Proposition 6.12. Finally, we generalize the definition to the derived category D perf (X) in Corollary 6.16.
We will follow the sign convention on complexes in [3] . Let C be an abelian category. The mapping cone Cone(f ) of a morphism f : K → L of complexes of objects of C is defined to be the simple complex associated to the double complex
where L is put on the first degree 0. More concretely, the i-th component is K i+1 ⊕ L i and the map is given by the left multiplication
Similarly, the mapping fiber Fib(f ) is defined to be the simple complex associated to the double complex · · · → 0 → K → L → 0 → · · · where K is put on the first degree 0. The i-th component is K i ⊕ L i−1 and the map is given by the left multiplication by the matrix
We identify Fib(f ) [1] with Cone(−f ) by the identity.
Let f : K → L and g : L → M be morphisms of complexes such that the composition g • f is homotope to 0. Then, a homotopy t connecting g • f to 0 defines a map (g, t) : Cone(f ) → M. Recall that a homotopy t consists of maps t i :
→ M is g. A bijection of the set of homotopies connecting g • f to 0 to the set of maps of complexes Cone(f ) → M such that the composition with L → Cone(f ) is g is defined by sending t to (g, t). A homotopy t also corresponds to a map (f, t) : K → Fib(g) such that the composition with the canonical map Fib(g) → L is equal to f .
For a homotopy t connecting g • f to 0, we define a complex
For an integer i, the i-th component C i is given by
is given by the matrix
of morphisms of complexes and homotopies t and t ′ connecting g • f and g ′ • f ′ to 0 respectively satisfying c • t = t ′ • a, the maps a, b and c induce a map
Further we consider a commutative diagram 
where C ′ is put on the first degree 0. We put
• be the induced maps. The homotopies t, t ′ and t ′′ induce a homotopy t
C → C be a contravariant additive functor and c : id → DD be a morphism of functors. In practice, the category C will be that of O X -modules on a ringed space (X, O X ), the functor D will be defined by DF = Hom(F , O X ) and c will be defined by the canonical morphism F → DDF . For a complex K of objects of C, let DK denote the dual complex. The i-th component (DK) i is equal to D(K −i ) and
In the case where L = 0, this gives a canon-
is commutative. A similar diagram obtained by switching Cone and Fib is also commutative.
The dual homotopy Dt connecting Df • Dg to 0 consists of (Dt)
to be the composition of
It is defined by (−1)
is commutative. Let (X, O X ) be a local ringed space in the rest of this section. Recall that a complex
is locally free of finite rank for each i ∈ Z and if K i are 0 except for finitely many i ∈ Z. A strictly perfect complex is acyclic if and only if it is locally homotope to 0. A map f of strict perfect complexes is a quasi-isomorphism if and only if the mapping cone Cone(f ) is acyclic. If K is a strict perfect complex, the canonical map c K : K → DDK is an isomorphism. Definition 6.2. Let K be a strict perfect complex of O X -modules.
1. We say a morphism q : K → DK of complexes is symmetric if the composition Dq • c K : K → DDK → DK is equal to q.
2. If a symmetric morphism q : K → DK is a quasi-isomorphism, we call the pair (K, q) a symmetric strict perfect complex.
3. Let f : L → DL be a symmetric morphism. We say a homotopy t connecting f to 0 is symmetric if we have Dt • c L = t.
Let (K, q) be a symmetric strict perfect complex. Let f : L → K be a morphism of strict perfect complexes and let t be a symmetric homotopy connecting the symmetric morphism
→ DL) t (6.1.1) defined by the homotopy t. We define a map
to be the composition of the map
defined by the commutative diagram
with the inverse of the isomorphism
Lemma 6.3. Let (K, q) be a symmetric strict perfect complex. Let f : L → K be a morphism of strict perfect complexes and let t be a symmetric homotopy connecting the symmetric morphism
Then, the pair (M, q M ) is a symmetric strict perfect complex.
Proof. The morphism q M is a quasi-isomorphism since the vertical arrows in (6.2.3) are quasi-isomorphisms. We show q M = Dq M • c M . By (6.1.5), the upper square of the diagram 
is commutative. Since the composition DL → DDDL → DL is the identity, we haveq = Dq •c wherec is the upper horizontal arrow in (6.3.1). Thus, we obtain
In the notation M(L → K) q,t , if the homotopy t is 0, we drop it from the notation to make M(L → K) q .
Corollary 6.4. Let (K, q) be a symmetric strict perfect complex. Let
.1) and (6.2.2).
Then, the complex K ♮ is acyclic except at degree 0 and the cohomology sheaf
is locally free of finite rank. The map q K ♮ : K ♮ → DK ♮ induces a non-degenerate symmetric bilinear form q E : E → DE.
Proof. The complex K
♮ is quasi-isomorphic to the strict perfect complex Cone(K >0 → (DK) ≥0 ) supported on degree ≥ 0. Since it is also quasi-isomorphic to the complex
, it is acyclic at degree > 0. Hence the assertion follows.
By abuse of terminology, we call a locally free O X -module of finite rank a bundle on X. For a locally free O X -module E of finite rank, we call a locally free O Xsubmodule F a subbundle if the quotient E/F is locally free, or equivalently, if F is locally a direct summand of E. Definition 6.5. Let E be a locally free O X -module of finite rank.
1. We say an O X -linear map q :
2. If a symmetric map q : E → DE is an isomorphism, we say that q is nondegenerate and we call the pair (E, q) a symmetric bundle.
3. Let (E, q) be a symmetric bundle. We say a subbundle F is isotropic if the composition F → E → DE → DF is the 0-map. Further, if the sequence F → E → DF is exact, we say F is Lagrangean.
If F is an isotropic subbundle of a symmetric bundle (E, q), the subquotient (6.5.1)
is locally free and q induces a non-degenerate symmetric bilinear form q
Proposition 6.6. Let (K, q) be a symmetric strict perfect complex. Let f : L → K be a morphism of strict perfect complexes and let t be a symmetric homotopy connecting Df
Assume that K is acyclic except at degree 0 and that the cohomology sheaf H 0 (K) = E is locally free. Then there exists an isotropic subbundle F of H 0 (M ♮ ) = E ′ satisfying the following properties:
(1) There exists an isomorphism
Proof. First, we prove the case where L = 0. In this case, we have M = K and
. By the assumption that K is acyclic except at degree 0, the subcomplex K >0 is also acyclic except at degree 1 and
is locally free of finite rank. Hence M ♮ is also acyclic except at degree 0. Further, the cohomology sheaf E ′ = H 0 (M ♮ ) is locally free and has an increasing 3 step filtration F
• by subbundle such that Gr
is the zero map, the subbundle F = Gr −1
) is isotropic and the assertion (1) follows. The assertion (2) follows from
is acyclic except at degree 1 and we have
is locally free and has an increasing 3 step filtration F
Similarly as in the special case proved above, the subbundle Gr
Further since it has been already proved for 0 → K ♮ , there exist an isotropic subbundle
Thus the assertion follows.
Definition 6.7. Let (K, q) be a symmetric strict perfect complex. Let f : L → K be a morphism of strict perfect complexes.
If there exists a symmetric homotopy t connecting Df
Lemma 6.8. Let (K, q) be a symmetric strict perfect complex. Let f : L → K be a morphism of strict perfect complexes and let t be a symmetric homotopy connecting
Proof. It suffices to show that the complex
• → Cone(id DL )) 0 and the assertion follows.
In the following, we assume that X is a scheme over Z[ 1 2 ]. For a symmetric bundle (E, q) on X, the Stiefel-Whitney class
), see [7, §1] . For a locally free O Xmodule F of rank r, we put
in H * (X, Z/2Z). The Stiefel-Whitney class is characterized by the following properties: (6.9.1) For a morphism f : X → Y of schemes and a symmetric bundle (E, q) on Y , we have f * w(E) = w(f * E). (6.9.2) For the direct sum (E ⊕ E ′ , q ⊕ q ′ ) of symmetric bundles (E, q) and (E ′ , q ′ ) on X, we have w(E ⊕ E ′ ) = w(E) · w(E ′ ). (6.9.3) Assume E is of rank 1 and let w 1 (E) be the class of E as an element of H 1 (X, O(1)) = H 1 (X, Z/2Z). Then, we have w(E) = 1 + w 1 (E).
Proposition 6.9. Let (E, q) be a symmetric bundle. 1. We have
2. Let F be an isotropic subbundle of E and regard E ′ = H(F → E → DF ) (6.5.1) as a symmetric bundle by the symmetric bilinear form q ′ induced by q. Then, we have
Proof. We define a map F ′ = Ker(E → DF ) → E ⊕ E ′ to be the sum of the inclusion and the projection. Then, it is Lagrangean with respect to the symmetric bilinear form q ⊕ −q ′ . Hence, by (6.9.2) and [7, Proposition 5.5], we obtain w(E, q) ·
. By considering the case where F = 0, we obtain the equality (6.9.4). Further, we obtain w(E, q)
For a strict perfect complex K, we put
. For the dual complex DK, we havec(DK) =c(K).
Corollary 6.10. Let (K, q) be an acyclic symmetric strict perfect complex and put
Proof. We apply Proposition 6.6 to L = 0. Then
is a Lagrangean subbundle of E. Hence, by Proposition 6.9, we obtain w(E) =c(Ker(
Definition 6.11. Let (K, q) be a symmetric strict perfect complex and put
Then, we define the total Stiefel-Whitney class w(K) ∈ H * (X, Z/2Z) by
Proposition 6.12. The Stiefel-Whitney classes satisfy the following properties: (6.12.1) For a morphism f : X → Y of schemes and a symmetric strict perfect complex (K, q) on Y , we have f * w(K) = w(f * K).
(6.12.2) For the direct sum of symmetric strict perfect complexes (K 1 , q 1 ) and (K 2 , q 2 ), we have w(
3) For a symmetric bundle (E, q) on X and K = E[0], we have w(K) = w(E). (6.12.4) For symmetric strict perfect complexes (K 1 , q 1 ) and (K 2 , q 2 ) of O X -modules and a quasi-isomorphism f : K 1 → K 2 such that the diagram (6.12.7)
is commutative up to homotopy, we have w(K 1 ) = w(K 2 ). (6.12.5) For a symmetric strict perfect complex (K, q) and a Lagrangean morphism L → K of strict perfect complexes, we have w(K) =c(L). (6.12.6) For a symmetric strict perfect complex (K, q), we have w(K, q) · w(K, −q) = c(K).
Proof. The properties (6.12.1-3) are clear from the definition. We show (6.12.6).
We put E = H 0 (K ♮ ). Then, by Proposition 6.9.1, we obtain
, we obtain (6.12.6). To show (6.12.5), we first prove the following. Lemma 6.13. Assume that K is acyclic except at degree 0 and that E = H 0 (K) is locally free of finite rank. Let f : L → K be a Lagrangean morphism of strict perfect complexes. Then, we have w(E) =c(L).
Proof. Let t be a symmetric homotopy connecting Df • q • f to 0. We apply Proposition 6.6 to L → K. Then, by Proposition 6.9.2, we have w(
By the assumption that L is Lagrangean, the complex M = M(L → K) t is acyclic. Hence, by Corollary 6.10, we have w(E ′ ) ·c(M >0 ) = 1. Since K is acyclic except at degree 0, we havec(
, the assertion follows.
We prove (6.12.5). Let
. Finally, we deduce (6.12.4) from (6.12.2), (6.12.5) and (6.12.6). We consider the direct sum (K 1 ⊕ K 2 , q 1 ⊕ −q 2 ) as a symmetric strict perfect complex. Let t be a homotopy connecting Df • q 2 • f to q 1 . By replacing t by the homotopy (t + Dt • c K 2 )/2, we may assume t is symmetric. Then, the map (id K 1 , f ) :
Lagrangean with respect to −q 1 ⊕ q 2 . Hence, by (6.12.2) and (6.12.5), we obtain w(K 1 , −q 1 ) · w(K 2 , q 2 ) =c(K 2 ). Thus, we obtain w(K 1 , q 1 ) = w(K 2 , q 2 ) by (6.12.6).
The properties (6.12.2-5) characterize the Stiefel-Whitney classes. We deduce the uniqueness from Lemma 6.8 applied to L = K >0 . Since the symmetric strict perfect complex
Corollary 6.14. Let (K, q) be a symmetric strict perfect complex.
1. Let f : L → K be a morphism of strict perfect complexes and let t be a symmetric homotopy connecting Df
is locally free of finite rank for every i ∈ Z and regard H 0 (K) as a symmetric bundle by the symmetric form induced by q. Then, we have
Proof. 1. We put N = Fib(K → DL) as in Lemma 6.8. Then, by (6.12.2), (6.12.5), and by Lemma 6.8, we have w(K, q) · w(M, −q M ) =c(N). Further by (6.12.6), we obtain
is acyclic except at degree 0 and we have H 0 (M) = H 0 (K). Thus, the assertion follows from 1.
In the rest of this section, we assume that the scheme X is divisorial [10, Definition 2.2.5] and either separated or noetherian. Recall from [10, Proposition 2.2.9 b)] that the natural functor K(X) → D perf (X) from the homotopy category of strict perfect complexes of O X -modules to the derived category of perfect complexes of O X -modules induces an equivalence of categories from the quotient category divided by quasi-isomorphisms. For an object K of D perf (X) and an isomorphism q : K → DK satisfying q = Dq • c K , we call the pair (K, q) a symmetric perfect complex on X.
Lemma 6.15. Let X be a divisorial scheme over Z[ 1 2 ] either separated or noetherian. Let K be an object of the derived category D perf (X) of perfect complexes of O Xmodules and q : K → DK be an isomorphism of D perf (X) satisfying q = Dq • c K .
1. There exist a symmetric strict perfect complex (K 0 , q 0 ) and a quasi-isomorphism
2. Let (K 1 , q 1 ) be another symmetric strict perfect complex and f 1 : K 1 → K be a quasi-isomorphism such that the diagram (6.15.1) with suffix 0 replaced by 1 is commutative. Then, there exist a strict perfect complex K 2 and quasi-isomorphisms g 0 : K 2 → K 0 and g 1 :
in commutative up to homotopy.
Proof. 1. There exist strict perfect complexes K 1 and K 2 , quasi-isomorphisms
Further, there exist a strict perfect complex K 0 and quasi-isomorphisms g 1 : Corollary 6.16. Let X and (K, q) be as in Lemma 6.15. Then, for a symmetric strict perfect complex (K 1 , q 1 ) and an isomorphism f 1 : K 1 → K as in Lemma 6.15.1, the Stiefel-Whitney class w(K 1 ) is independent of (K 1 , q 1 ).
Proof. Let (K 2 , q 2 ) be another symmetric strict perfect complex and f 2 : K 2 → K be an isomorphism as in Lemma 6.15.1. We consider a strict perfect complex K 0 , quasi-isomorphisms g 1 : K 0 → K 1 and g 2 : K 0 → K 2 and a symmetric homotopy t as in Lemma 6.15.2. Then the composition q 0 = Dg 1 • q 1 • g 1 : K 0 → DK 0 defines a symmetric strict perfect complex. By (6.12.1), we obtain w(
For a symmetric perfect complex (K, q) on X, the Stiefel-Whitney class w(K) is defined as w(K 0 ) by taking a quasi-isomorphism f 0 : K 0 → K as in Lemma 6.15.1. It is well-defined by Corollary 6.16.
We give a slight generalization. Let K be a perfect complex and n be an even integer. We say that an isomorphism q : K → DK[−2n] in the derived category D perf (X) is symmetric if q is equal to the composition
Let q : K → DK[−2n] be a symmetric isomorphism. We put K ′ = K[n] and define q ′ : K ′ → DK ′ to be the composition
Then, (K ′ , q ′ ) is a symmetric perfect complex and the Stiefel-Whitney class w(K ′ ) is defined.
Corollary 6.17. Let K be a perfect complex, n be an even integer and q : K → DK[−2n] be a symmetric isomorphism in the derived category D perf (X). Let (K[n], q ′ ) be the symmetric perfect complex defined above.
Assume that H i (K) is locally free of finite rank for every i ∈ Z and regard E = H n (K) as a symmetric bundle by the symmetric form q E induced by q. Then, we have
, the symmetric bilinear form on E induced by q ′ is equal to (−1) n/2 q E . Hence the assertion follows from Corollary 6.14.2.
Families
We generalize definitions in Section 2. Let S be a normal scheme over Z[ ] and L be a finite extension of Q ℓ . We say that a smooth L-sheaf V on S is orthogonal if it is endowed with a non-degenerate symmetric bilinear form b : V ⊗ V → L. We define the Stiefel-Whitney class
inétale cohomology as follows. It suffices to consider the case where S is connected. In this case, an orthogonal L-sheaf (V, b) is defined by an orthogonal representation ρx : π 1 (S,x) → O(Vx, bx) for a base pointx. Then we define the Stiefel-Whitney class sw 2 (V, b) ∈ H 2 (S, Z/2Z) to be the image of sw 2 (ρx) ∈ H 2 (π 1 (S,x), Z/2Z) by the canonical map H 2 (π 1 (S,x), Z/2Z) → H 2 (S, Z/2Z). It is independent of the choice of base pointx. When there is no fear of confusion, we drop b and write simply sw 2 (V ). Similarly as (1.5.2), for a graded smooth L-sheaf V
• on S, we define the Stiefel-Whitney classes sw 1 (V • ) ∈ H 1 (S, Z/2Z) and sw 2 (V • ) ∈ H 2 (S, Z/2Z). The definition of the Stiefel-Whitney class commutes with base change. When S is Spec K for a field K and the smooth orthogonal L-sheaf V on S is defined by an orthogonal L-representation ρ of Gal(K/K), we have sw 2 
The first Stiefel-Whitney class sw 1 (V, b) ∈ H 1 (S, Z/2Z) of an orthogonal smooth L-sheaf V on S is similarly defined as follows. We may assume S is connected and consider the corresponding representation ρ : π 1 (S,x) → O(V ). Then, the class sw 1 (V, b) is the homomorphism det ρ : π 1 (S,x) → {±1} ≃ Z/2Z regarded as an element of H 1 (S, Z/2Z) = Hom(π 1 (S,x), {±1}). Let S be a connected normal scheme over Z[ 1 2ℓ ]. Let f : X → S be a proper smooth morphism of relative even dimension n. Let V i denote the smoooth Q ℓ -sheaf R i+n f * Q ℓ ( n 2 ) on X. The cup-product defines a non-degenerate (−1) i -symmetric bilinear form V i × V −i → R 2n f * Q ℓ (n) → Q ℓ by sending (x, y) to Tr(x ∪ y). We define the second Stiefel-Whitney classes by sw 2 (H n ℓ (X/S)) = sw 2 (V 0 ), (7.0.1)
as elements in H 2 (S, Z/2Z), similarly as in (1.5.2). For an integer q ≥ 0, we consider the character e q : π 1 (S) ab → {±1} (2.1.1) as an element of H 1 (S, Z/2Z) and let bé t,q be the rank of the smooth Q ℓ -sheaf R q f * Q ℓ .
We put e = q<n e q as in Conjecture 2.3. We also put β = 1 2 q<n (−1) q (n − q)bé t,q .
By the definition (1.5.2) and Lemma 1.6.1, they are related by the equality ] either separated or noetherian and let f : X → S be a proper smooth morphism of relative even dimension n. We put H The condition of Lemma 7.1 is satisfied if S is the spectrum of a field or S is a reduced scheme over Q.
Proof. Similarly as Corollary 2.9, it follows from Corollary 6.17 and the definition ofc(F ) in (6.8.1).
For the relation between sw 2 (H ] either separated or noetherian and let f : X → S be a proper smooth morphism of relative even dimension n. We put
as in (2.3.1) and define c 2 , c ℓ ∈ H 2 (S, Z/2Z) as in (1.6.1). Then, we have an equality The following weak evidence on Conjecture 7.2 will be used in the proof of the assertion 5 of Theorem 2.5 in the final section.
Lemma 7.3. Let S be a smooth scheme over Z[ 1 2 ] and f : X → S be a proper smooth morphism of even relative dimension n. Let ℓ be a prime number. Assume that the following condition is satisfied:
(P ) For every finite unramified extension K of Q ℓ and every morphism f : Spec O K → S, the pull-back X × S K by the restriction f | K : Spec K → S satisfies Conjecture 2.3. Then, the difference δ ∈ H 2 (S[
Transcendental argument
In this section, we prove the assertion 4 of Theorem 2.5, by a transcendental argument. Since it will be reduced to proving Conjecture 7.2 for schemes over C, we study them first.
We introduce some terminology. Let S be a connected normal scheme of finite type over C and let S an denote the associated analytic space. We say a local system V of C-vector spaces on S an is orthogonal if it is equipped with a non-degenerate symmetric bilinear form b : V ⊗ V → C. An orthogonal local system V corresponds to an orthogonal representation ρx : π 1 (S an ,x) → O(Vx, bx) of the fundamental group for a geometric pointx. The Stiefel-Whitney class sw 2 (V, b) ∈ H 2 (S an , Z/2Z) is defined as the image of the Stiefel-Whitney class sw 2 (ρx) ∈ H 2 (π 1 (S an ,x), Z/2Z) by the canonical map H 2 (π 1 (S an ,x), Z/2Z) → H 2 (S an , Z/2Z). It is independent of the choice of base pointx. Lemma 8.1. Let S be a normal scheme of finite type over C. Let V be an orthogonal local system of C-vector spaces on S an and D = V ⊗ C O S an be the corresponding quadratic locally free O S an -module. Then we have sw 2 (V ) = hw 2 (D) in H 2 (S an , Z/2Z).
Proof. We may assume S is connected and let π 1 (S an ,b) be the topological fundamental group defined by a base pointb. The isomorphism class of the orthogonal local system V is defined as an element of H 1 (S an , O(r, C)) = H 1 (π 1 (S an ,b), O(r, C)). By the definition of the Stiefel-Whitney class sw 2 (V ) and the functoriality of the map from group cohomology to singular cohomology, it is equal to its image by the boundary map H We prove the main result of this section.
Proposition 8.2. Let S be a normal scheme of finite type over a noetherian ring over an algebraic closureQ of Q. Let f : X → S be a proper smooth morphism of relative even dimension n. Then, for every prime number ℓ, we have If K is an extension ofQ, the remaining terms in (2.3.3) are 0. Hence Proposition 8.2 implies the assertion 4 in Theorem 2.5.
Proof. By a standard argument, we may assume S is of finite type overQ. By Lefschetz principle H 2 (S, Z/2Z) ≃ H 2 (S C , Z/2Z), it is reduced to the case where S is of finite type over C.
We identify H 2 (S, Z/2Z) = H 2 (S an , Z/2Z) by the canonical isomorphism. Let V be the orthogonal local system R n f an * C and D be the symmetric bundle R n f an * Ω
•an X an /S an on X an . Then, we have sw 2 (H n ℓ (X/S)) = sw 2 (V ) and hw 2 (H n dR (X/S)) = hw 2 (D). Since D = V ⊗ C O X an , the assertion follows from Lemma 8.1.
